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ABSTRACT
Measurements of the Hubble constant, H0, from the cosmic distance ladder are cur-
rently in tension with the value inferred from Planck observations of the CMB and
other high redshift datasets if a flat ΛCDM cosmological model is assumed. One of
the few promising theoretical resolutions of this tension is to invoke new physics that
changes the sound horizon scale in the early universe; this can bring CMB and BAO
constraints on H0 into better agreement with local measurements. In this paper, we
discuss how a measurement of the Hubble constant can be made from the CMB with-
out using information from the sound horizon scale, rs. In particular, we show how
measurements of the CMB lensing power spectrum can be used to place interest-
ing constraints on H0 when combined with measurements of either supernovae or
galaxy weak lensing, which constrain the matter density parameter. The constraints
arise from the sensitivity of the CMB lensing power spectrum to the horizon scale at
matter-radiation equality (in projection); this scale could have a different dependence
on new physics than the sound horizon. From an analysis of current CMB lensing data
from Planck and Pantheon supernovae with conservative external priors, we derive an
rs-independent constraint of H0 = 73.5 ± 5.3 km/s/Mpc. Forecasts for future CMB
surveys indicate that improving constraints beyond an error of σ(H0) = 3 km/s/Mpc
will be difficult with CMB lensing, although applying similar methods to the galaxy
power spectrum may allow for further improvements.
1 INTRODUCTION
Measurements of the Hubble constant H0, derived from
observations of supernovae (SN) calibrated by the cosmic
distance ladder (CDL; Riess et al. 2019), are currently in
tension with the value of H0 inferred from Planck satellite
observations of anisotropies in the cosmic microwave back-
ground (CMB; Planck Collaboration et al. 2018a) assuming
a flat ΛCDM cosmological model. The significance of the
tension differs somewhat depending on the exact datasets
considered and the statistic used, but values in the range
of 4.0–5.8σ are typical (Verde et al. 2019), making a statis-
tical fluctuation an unlikely explanation (e.g., Bernal et al.
2016; Feeney et al. 2018; Aylor et al. 2019). The source of
this tension is unknown, but it could conceivably result from
systematic errors or error underestimates in the low-redshift
(CDL) or high-redshift (CMB) measurements; an alterna-
tive explanation could be a breakdown in the cosmological
model used to infer H0 from the CMB. Given these possi-
bilities, resolving the Hubble tension is of prime importance
for cosmologists.
With several groups and experiments measuring H0
through different techniques, the Hubble tension has become
increasingly difficult to explain by invoking systematic errors
in only a single cosmological probe; arguably, it is no longer
just a discrepancy between the Planck CMB and local mea-
surements. Indeed, high values of H0 close to 74 km/s/Mpc
are obtained by several variants of the CDL (Riess et al.
2019) as well as by strong lensing time-delay measurements
(e.g., Wong et al. 2020). On the other hand, a variety of
probes, typically arising from earlier cosmic times, give a
low value of the Hubble constant of H0 ∼ 67 km/s/Mpc.
These include not only CMB experiments such as Planck,
but also large-scale structure (LSS) probes that derive much
of their information from the baryon acoustic oscillation
(BAO) feature (e.g., Alam et al. 2017). Measurements of
H0 from galaxy BAO can be obtained in combination with
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CMB datasets – with Planck, WMAP, ACT, and SPT com-
bined with BOSS BAO giving similar results – or even de-
rived independently of CMB anisotropy measurements, by
combining BAO analyses with information about the baryon
density inferred from big bang nucleosynthesis (BBN) mea-
surements (Addison et al. 2018). The H0 constraints from
combining galaxy BAO and BBN can be tightened further
by including external Ωm information from e.g., a weak lens-
ing survey (Abbott et al. 2018b), or by including Lyman-
alpha BAO (Addison et al. 2018; Cuceu et al. 2019). In all
cases, a value of the H0 is obtained that is in agreement with
the Planck inference (see e.g., Aylor et al. 2019 and Abbott
et al. 2018b for discussion of this point).
We note that since supernovae, galaxy BAO and
Lyman-alpha BAO provide measurements of the expansion
history over a wide range of redshifts, it appears very dif-
ficult to explain the Hubble tension by modifying the dy-
namics of the universe at late times (e.g. Feeney et al. 2018,
Aylor et al. 2019).
Interestingly, as pointed out by others (e.g. Bernal et al.
2016; Aylor et al. 2019), all of the probes that yield a low
value of H0 close to 67 km/s/Mpc have one important aspect
in common: they all assume that the calculation of the sound
horizon scale rs from the standard cosmological model is
correct (rs is the distance travelled by a sound wave until
CMB last scattering).
In the case of the CMB, for instance, the calibration of
H0 is derived directly from the measurement of the angular
scale subtended by rs. CMB power spectrum measurements
constrain the physical energy densities of baryons (Ωbh
2)
and matter (Ωmh
2), where h is the Hubble constant mea-
sured in units of 100 km/s/Mpc. Assuming the standard
cosmological model and assuming our understanding of pre-
recombination physics is correct, these constraints imply a
value of the sound horizon scale rs. Since the CMB power
spectrum also directly measures the angular scale θs sub-
tended by rs via the peak spacing, one can combine the cal-
ibrated physical size and measured angular size of rs to con-
strain the comoving distance to the last scattering surface,
χ∗ = rs/θs. In flat ΛCDM cosmological models, χ∗ depends
only on Ωm and H0. The CMB constraints on Ωmh
2 and
on χ∗(Ωm, h) then together break the degeneracy between
h and Ωm, leading to a constraint on h. Similarly, the mea-
sured angular and redshift scales of rs from the BAO feature
are used to infer H0 assuming a standard calibration of the
physical scale of rs from CMB or BBN measurements.
1
Consequently, some of the most promising proposed
theoretical resolutions to the Hubble tension rely on modify-
ing rs by invoking new physics prior to last scattering. Pro-
posed solutions include modifications to the expansion his-
tory via early dark energy (e.g., Poulin et al. 2019; Agrawal
et al. 2019; although we note that issues were recently raised
with these solutions by Hill et al. 2020; Ivanov et al. 2020a;
D’Amico et al. 2020), changes in neutrino sector physics
1 To be more precise, the BAO feature is connected to the sound
horizon at the end of the baryon drag epoch, not at last scattering.
However, since their dependence on cosmology is nearly identical,
we neglect the small difference between these scales here and use
rs to refer to the sound horizon scales at both last-scattering and
at the end of the baryon drag epoch.
(e.g., Kreisch et al. 2019), or changes to recombination (e.g.,
Chiang & Slosar 2018).
Motivated by these considerations, in this work we ex-
plore how measurements of the CMB lensing power spec-
trum can be used to infer H0 in a way that is indepen-
dent of rs. Weak gravitational lensing of a light source (e.g.,
galaxies or the CMB) occurs when photons from the source
encounter gravitational potential wells along the line of sight
and experience a gravitational deflection at each well. The
weak lensing power spectrum reflects the net impact of all
of these deflections. Consequently, changing the Hubble con-
stant impacts the weak lensing power spectrum in several
ways: (1) by changing the matter power spectrum such that
the size and depth of potential wells along the line of sight
is impacted, (2) changing the distance to the source so that
the number of deflections experienced by a photon from the
source is changed, (3) changing the apparent angular size of
each deflection.
As we discuss in more detail below (and as was pointed
out by Planck Collaboration et al. 2016), the net result of
these effects is that the CMB lensing power spectrum is
sensitive to keqχ∗ ∼ Ω0.6m h, where keq is the wavenumber
corresponding to the horizon size at matter-radiation equal-
ity, and χ∗ is the comoving distance to the last scattering
surface. Given a very weak prior on As, one can determine
this parameter combination from the CMB lensing power
spectrum. Then, combining with an external measurement
of Ωm to break the degeneracy, we can place a constraint
on H0. Since neither keq nor χ∗ depend on the sound hori-
zon scale, as long as the Ωm prior is obtained independently
of the sound horizon, the constraint on H0 will also be rs-
independent.
The measurement of H0 considered here effectively uses
the broadband shape of the matter power spectrum — which
depends on keq — to constrain H0 rather than any features
related to the sound horizon scale. Since keq probes the Uni-
verse at somewhat earlier times than the sound horizon at
CMB last-scattering, rs, and since many of the most com-
monly considered new physics models modify the dynam-
ics (i.e. the expansion rate) soon before recombination, it
is reasonable to expect that keq and rs could be differently
affected by new physics at the few-percent level. Disagree-
ment of H0 measurements via keq (e.g., with CMB lensing)
and via rs could therefore indicate that new physics may be
responsible for the Hubble tension, whereas agreement at
high precision would be a valuable consistency test for the
standard ΛCDM model.
As a caveat, we note that the description of the physics
in terms of the sound horizon and equality scales is only a
simplified one. The full calculation starting from the pertur-
bation equations does not involve these scales; rather, they
emerge from the evolution equations if several approxima-
tions are made. We emphasize that while we motivate our
methodology using these emergent scales, when performing
forecasts or analyzing current data we rely on the full cal-
culation of the evolution of perturbations in ΛCDM, com-
puted using a Boltzmann code. Furthermore, even though
the description in terms of rs and keq is approximate, due
to its physical motivation, our H0 measurement should be
differently sensitive to many tension-motivated new physics
models; a comparison with the standard, rs-derived mea-
surements will therefore give a valuable consistency test of
MNRAS 000, 1–14 (0000)
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the standard model. A complete analysis of any new physics
model, however, requires implementing its effects directly in
the perturbation equations.
One could also use observables besides CMB lensing —
such as galaxy clustering — to infer the broadband matter
power spectrum and constrain H0 in a similar way to that
described above. CMB lensing has the advantage that it is
naturally sensitive to a wide range of k (especially low k),
which improves constraints on H0 from the broadband in-
formation in the power spectrum. Since it probes the mass
distribution directly, CMB lensing also avoids the compli-
cations and parameter degeneracies associated with galaxy
biasing. Furthermore, and most importantly, because lens-
ing is a line-of-sight integrated quantity, it is naturally less
sensitive to features in the power spectrum that depend on
rs, such as the BAO oscillations and the scale of baryonic
suppression (see discussion in §2.2). Extracting information
about H0 from the galaxy power spectrum in a way that
does not depend on rs is nontrivial because of these effects
(see discussion in §8).
Recently, several authors have presented high-precision,
CMB-independent constraints on H0 derived from the full
shape of the galaxy power spectrum measured by BOSS (e.g.
Philcox et al. 2020; Ivanov et al. 2020b; d’ Amico et al. 2020).
In some sense, these constraints are similar to those consid-
ered here in that they also derive a fraction of their infor-
mation about H0 from the apparent scale of keq. However,
as we discuss in more detail in §7, for the three dimensional
galaxy clustering measurements analyzed by these authors,
information about H0 also enters via the BAO feature and
potentially also via the scale of baryonic suppression in the
full-shape matter power spectrum. Both the BAO feature
and the baryon suppression scale are sensitive to rs (for the
BOSS galaxy power spectrum, the former is the dominant
source of information), making the resultant H0 constraints
sensitive to rs information as well. In this work, we explic-
itly ensure that no information from rs informs our H0 con-
straints.
Our paper presents an rs-independent constraint on
the Hubble constant derived from the CMB lensing power
spectrum measured by Planck (Planck Collaboration et al.
2016) in conjunction with a supernovae measurement of
Ωm from Scolnic et al. (2018) and motivated external pri-
ors. As discussed in §6, our result is a constraint of H0 =
73.5 ± 5.3 km/s/Mpc. We also present forecasts for future
experiments. These forecasts serve both to illustrate impor-
tant parameter degeneracies and to show how constraints
will improve with future data.
The paper is organized as follows: in §2 we discuss how
the lensing power spectrum depends on the ΛCDM param-
eters, followed by a brief discussion of why new physics may
differently affect the sound horizon and equality scales in §3.
In §4 we present the forecasting assumptions and discuss the
datasets involved. For pedagogical reasons, we first present
in §5 the forecast constraints on the Hubble constant for
future experiments; these forecasts serve to illustrate how
parameter degeneracies can be broken. We present our rs-
independent constraint on the Hubble constant using cur-
rent data in §6 and discuss prospects for improvements with
other probes in §7. We summarize our results in §8.
2 CONSTRAINING H0 WITH THE CMB
LENSING POWER SPECTRUM
We begin by discussing how the CMB lensing power spec-
trum responds to the parameters of flat ΛCDM cosmological
models. The lensing power spectrum can be related to the
matter power spectrum via the Limber approximation (Lim-
ber 1953; LoVerde & Afshordi 2008):
Cκκ(L) =
(
3ΩmH
2
0
2c2
)2
∫
dχ
1
a(χ)2
(
χ∗ − χ
χ∗
)2
P
(
L+ 1/2
χ
, χ
)
, (1)
where χ is the comoving distance along the line of sight,
χ∗ is the comoving distance to the last scattering surface,
a(χ) is the scale factor, Ωm is the matter density param-
eter today, H0 is the Hubble constant, and P (k, χ) is the
matter power spectrum as a function of wavenumber k and
comoving distance χ. Although prefactors of Ωm and H0 en-
ter into Eq. 1, this is somewhat misleading: these prefactors
result from the conversion of the matter power to the lens-
ing potential which sources the lensing deflection. Since the
matter power spectrum is conventionally defined in terms of
the primordial potential power spectrum, we will see that
these factors of Ωm and H0 are cancelled by corresponding
factors in P (k, z).
2.1 The broadband shape of the matter power
spectrum
Because the CMB lensing power spectrum is related to an
integral over the matter power spectrum, the lensing power
is sensitive to the broadband shape of P (k, z). The location
of the peak of P (k, z) as a function of k is controlled by
the scale of matter-radiation equality (MRE). Small scale
modes enter the horizon before MRE and only grow loga-
rithmically during radiation domination; this different be-
haviour arises because the radiation perturbations experi-
ence pressure forces and oscillate on scales below their Jeans
scale, which matches the particle horizon during radiation
domination. This leads to the roughly k−3 dependence of
P (k) at large k. Large scale modes, on the other hand, enter
the horizon during matter domination (when the relevant
Jeans scale has become extremely small) and the perturba-
tion amplitude grows in proportion to the scale factor on
sub-horizon scales, preserving the form of the initial power
spectrum. For a scale-invariant initial spectrum, in the small
k limit the power spectrum goes as P (k) ∝ k. Consequently,
the power spectrum has a break at keq, where keq is the co-
moving wavenumber corresponding to the horizon size (or
Jeans scale) at MRE.
The redshift of MRE can be related to the present-day
physical matter and radiation densities, ωm and ωr, respec-
tively. Given the different scaling of ωm and ωγ with red-
shift, we have 1 + zeq = ωm/ωr. Since ωr is fixed by TCMB
(assuming standard model neutrino properties and thermal
history), and TCMB is tightly constrained by e.g., COBE
(Fixsen et al. 1996), the redshift of MRE can be directly re-
lated to the physical matter density, ωm. The horizon scale
at MRE is then
deq =
∫ zeq
∞
dz
H(z)
∼ 1
ωm
, (2)
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giving keq ∼ ωm.2 Increasing ωm will make MRE occur ear-
lier, which will shift the turnover in the matter power spec-
trum to smaller scales. It is also possible to express keq in
terms of the density parameter, Ωm ∼ ωm/ρcrit, which yields
keq ∼ Ωmh2. Note, though, that the apparent dependence
of keq on h is somewhat misleading, as it really enters via
the relation between the critical density today and H0.
2.2 A simplified model for the CMB lensing
power spectrum
We now derive simple expressions for the parameter depen-
dencies of the CMB lensing power spectra which can be
used to build intuition about how various combinations of
datasets can be used to constrain H0. The discussion in this
section relies heavily on Pan et al. (2014) and Appendix E
of Planck Collaboration et al. (2016).
The linear power spectrum of the density contrast can
be written as
Plin(k, z) ∝ 1
(ΩmH20 )
2
Ask
nsT 2(k)a2(z)G2(z), (3)
where T (k) is the transfer function and G(z) is the linear
growth factor, and the proportionality includes numerical
factors but no cosmological dependence. As alluded to ear-
lier, the prefactors of Ωm and H0 cancel with corresponding
factors in Eq. 1. As is clear from Eq. 1, large L in the lens-
ing power spectrum corresponds to large χ, or high redshift
for the peak of the matter power spectrum. As a result, for
L > 100, the CMB lensing power spectrum is sensitive to
sufficiently high redshift that we can take the growth factor
to be G(z) ∼ 1 (Pan et al. 2014).
We can approximate the transfer function over some k
range as (Pan et al. 2014)
T (k) ∼
(
k
keq
)−c
, (4)
where c ∼ 2 for k  keq and c ∼ 0 for k  keq. Substituting
Eq. 3 and Eq. 4 into the Limber equation (Eq. 1), we have
Cκκ(L) ∝
AsLeqk
ns−1
eq (L/Leq)
ns−2c
∫
dx(1− x)2x2c−ns , (5)
where we have defined Leq ≡ keqχ∗ and have substituted
x = χ/χ∗. For the concordance ΛCDM cosmological model
Leq ∼ 140. It is clear from Eq. 5 that for ns ≈ 1, the main
parameter dependence of the lensing power spectrum enters
via Leq and an overall normalization by As. Furthermore,
the shape of the power spectrum (i.e. the L-dependent part)
is controlled by Leq, ns and the transfer function (via the
power law index c).
In ΛCDM cosmological models, χ∗ depends only on Ωm
2 Strictly speaking, the scale keq is typically defined via the Hub-
ble radius, i.e. keq ≡ aeqH(aeq), rather than the true particle
horizon scale at MRE. However, the physically relevant scale is
the Jeans scale, which coincides with the particle horizon scale
during radiation domination. Since during radiation domination
the Hubble radius and particle horizon scales are also equivalent,
the difference between defining keq via the Hubble radius, the par-
ticle horizon scale, or the Jeans scale is of minimal importance
for our purposes.
and h (at fixed z∗). For small variations around a fiducial
choice of Ωm, one can approximate the parameter depen-
dence of χ∗ with a power law function of Ωm: χ∗ ∼ Ωαmh−1,
where α ≈ −0.4 (Planck Collaboration et al. 2016). This
gives
Leq ≡ keqχ∗ ∼ Ωα+1m h ∼ Ω0.6m h. (6)
2.3 rs-independent constraints on H0 from the
CMB lensing power spectrum
In the small-scale limit (L Leq) we have c ∼ 2; addition-
ally adopting ns ∼ 1, Eq. 5 becomes
Cκκ(L) ∝ AsLeq(L/Leq)−3. (7)
To a good approximation, then, CMB lensing constrains H0
via Leq, and we expect to see an h ∼ Ω−0.6m degeneracy when
performing a ΛCDM fit to the CMB lensing power spectrum.
We also see that the information about Leq is degenerate
with As (at least at small scales where the above approxi-
mations apply). We discuss the accuracy of the approxima-
tions made above and provide more physical intuition for
the parameter dependence of the lensing power spectrum in
Appendix A.
Our approach to constraining H0 without rs informa-
tion is therefore as follows. We use a weak external con-
straint on As in conjunction with the CMB lensing power
spectrum to constrain Leq. Next, we use an external con-
straint on Ωm to break the Ωm-H0 degeneracy and con-
strain H0. In both cases, we use external constraints that
are not sensitive to rs. Since the Leq information from the
CMB lensing power spectrum is independent of sound hori-
zon physics, and since the external constraints are as well,
the final constraint on H0 is obtained without relying on the
sound horizon scale.
We note that the approximations leading to Eq. 7 break
down at low L, leading to a departure from pure power law
behavior. Consequently, the shape of the CMB lensing power
spectrum at low L serves to break what would otherwise be
a complete degeneracy between As and Leq in setting the
amplitude of the CMB lensing power spectrum. For cur-
rent data, for which a significant fraction of the information
comes from low L, the degeneracy between As and Leq does
not have a very large impact on our H0 constraints. For fu-
ture measurements, however, more of the information comes
from high L, causing the As prior to become more impor-
tant for obtaining tight H0 constraints. For both current
and future data, we will find that our results are not very
sensitive to the As prior, likely because of the low-L shape
information.
2.4 Additional complications
We have until now ignored the impact of baryons on the
matter power spectrum. Baryons introduce acoustic wiggles
into the power spectrum, but these are washed out by the
line of sight integration in Eq. 1, and so do not contribute
substantially to the Hubble constraints. However, an addi-
tional impact of baryons is to suppress the power spectrum
at scales below the sound horizon, rs (again, we are ignoring
the small difference in redshift between the end of the drag
epoch and last scattering). After MRE but before the end of
MNRAS 000, 1–14 (0000)
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the photon-baryon drag epoch, the growth of fluctuations in
the baryons is suppressed relative to the CDM because the
baryons are coupled to the radiation and experience pres-
sure effects (e.g., Eisenstein & Hu 1998a). The net result is a
suppression of the total matter power at scales smaller than
the sound horizon at the end of the Compton drag epoch,
roughly rs. We note that for reasonable values of Ωmh
2, rs
is smaller than the horizon scale at MRE (Eisenstein & Hu
1998b).
One might worry that information about rs could en-
ter into an analysis of the CMB lensing power spectrum via
the scale of baryonic suppression of the matter power spec-
trum, which could in turn could lead to an rs-dependent
inference of H0. For our purposes, this is not desirable since
we are explicitly trying to avoid a sound horizon-dependent
measurement of H0. We will take care to demonstrate that
this is not occurring for our constraints. In essence, this is
because the projection inherent in the CMB lensing power
spectrum smoothes over the sharp baryonic features in the
matter power spectrum.3
The above discussion has also ignored the impact of
nonlinear evolution on the matter power spectrum, as well
as the impact of massive neutrinos. Because the CMB lens-
ing power spectrum mainly probes large scales and the high
redshift Universe, it is mostly sensitive to mildly nonlin-
ear physics for current and next generation surveys. Below,
we will include nonlinear contributions to the matter power
spectrum in our forecasts using HALOFIT (Smith et al. 2003)
with the Bird et al. (2012) extension to include the impact of
massive neutrinos. Neutrinos do not cluster at small scales,
leading to a scale-dependent suppression of the matter power
spectrum (see e.g. Lesgourgues & Pastor 2006 for a review).
We expect this suppression to be somewhat degenerate with
the effects of other parameters and to therefore degrade
our constraints on H0 somewhat. As we discuss in §4, we
marginalize over a free neutrino mass in our analysis.
Finally, we note that some knowledge of the CMB
power spectrum is required to correctly normalize the lens-
ing power spectrum. We make the approximation that we
may neglect any changes in the normalization of the lensing
power spectrum due to changes in the CMB power spec-
trum. This is only a very weak requirement, which is almost
trivially satisfied: since the precision of the CMB lensing
power spectrum is much lower than that of the CMB power
spectum, this requires only that any new physics considered
must not produce a CMB power spectrum that is grossly
inconsistent (i.e., differing by an amount comparable to the
lensing power spectrum fractional error) with current obser-
vations.
3 We also neglect effects from baryonic feedback on the matter
power spectrum in our analysis, making the approximation that
a CMB lensing analysis that focuses on deriving keq should be
fairly insensitive to small-scale feedback effects for the purposes
of forecasting; however, a full analysis with future experiments
should account for baryonic feedback, for example, by marginal-
izing over appropriate templates.
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Figure 1. Illustration of the effect of changes to the Hubble rate
at different redshifts on the sound horizon scale at CMB last scat-
tering (black solid line at left) and the matter-radiation equality
scale (blue solid line at right). Dashed and dotted lines indicate
the redshifts of CMB last-scattering and matter-radiation equal-
ity. This plot indicates that changes to the energy density in the
decade of redshift before recombination would generically have a
significantly different impact on these two scales.
3 NEW PHYSICS EFFECTS ON SOUND
HORIZON AND EQUALITY SCALES
The method we have outlined above can provide constraints
on the Hubble constant which derive from the (projected)
scale of matter radiation equality, keq, instead of the sound
horizon scale rs. Before proceeding to detailed forecasts, we
will briefly justify why new physics models that are proposed
to resolve the Hubble tension can differently affect equality
and sound horizon scales, making our measurement a useful
probe of new physics.
First, we note that equality and sound horizon scales are
sensitive to changes in the expansion rate at substantially
different redshifts. To illustrate this, we show in Fig. 1 a com-
parison of how the sound horizon and the horizon at matter
radiation equality (assuming this coincides with the Jeans
scale) vary with a change in the Hubble rate at a certain red-
shift; in particular, we plot d ln rs
d lnH(z)
and
d ln deq
d lnH(z)
, where deq
is the horizon size at MRE. It can be seen that the the sound
horizon scale is substantially affected by changes to the ex-
pansion rate at redshifts just above z ≈ 1100, whereas it only
has a weak sensitivity to changes at z > 3400. In contrast,
the sensitivity of the equality scale peaks near z ≈ 3400 and
extends to higher redshift.
Second, we note that many of the most commonly con-
sidered new physics models to resolve the Hubble tension
(ones that are still consistent with high-precision measure-
ments of the CMB power spectrum) involve a change in
the expansion rate in the decade of scale factor just before
recombination (Knox & Millea 2020). For example, Smith
et al. (2020) invokes a 10% contribution of early dark en-
ergy density at z ∼ 3500 that then dilutes away rapidly.
(Although it has been pointed out that this appears to
also cause inconsistencies with large scale structure, at least
when the neutrino mass is not marginalized over, see Hill
MNRAS 000, 1–14 (0000)
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et al. 2020; Ivanov et al. 2020a; D’Amico et al. 2020.) While
any details will, of course, be model-dependent, the differ-
ent redshift sensitivity in Fig. 1 suggests that probes of the
expansion rate or horizon size at z ∼ 1100 and z ∼ 3400
could generically give results that differ at a significant and
detectable level.
A measurement of the Hubble constant derived from
the equality scale that differs from measurements derived us-
ing rs would therefore give evidence for the hypothesis that
new physics is responsible for tensions in the Hubble con-
stant measurements; by constraining the redshift range over
which the expansion rate is modified, such a result would
also give further insight into the phenomenology of any new
physics. In contrast, agreement of Hubble measurements de-
rived from both the sound horizon and equality scales at
high precision would provide a valuable test of the ΛCDM
framework at high redshifts.
4 FORECASTING METHODOLOGY AND
DATASETS
Below, we will forecast constraints on H0 for future exper-
iments, as well as present results from current data. We
now discuss our forecasting methodology and the relevant
datasets. Our forecasts are derived from simulated likelihood
analyses in which we generate and then analyze mock CMB
lensing power spectrum measurements. The mock measure-
ments are noiseless so that the likelihood necessarily peaks
at the input parameter values; the covariance assumed when
analyzing the mock data, however, includes realistic noise
levels so that the shapes and sizes of the parameter con-
tours are meaningful. We use the MultiNest (Feroz et al.
2009) algorithm in CosmoSIS (Zuntz et al. 2015) to generate
parameter samples, and use the getdist (Lewis 2019) pack-
age to generate contour plots. The matter power spectrum
is computed using CAMB (Lewis et al. 2000). We vary the
parameters h, ns, As, Ωm, Ωb, and Ωνh
2 in our analysis.
4.1 CMB lensing
For our analysis of current data, we use the CMB lensing
measurements from Planck Collaboration et al. (2018b) and
the corresponding parameter chains made available on the
Planck Legacy Archive.4
For the forecasts, we assume a Gaussian likelihood and
covariance for the observed CMB lensing power spectrum,
Cˆκκ(L). This is a good approximation because CMB lensing
probes mainly large, near-linear scales in the matter distri-
bution and the reconstruction noise becomes close to Gaus-
sian when averaged in bandpowers (e.g., Hu & Okamoto
2002).
In this Gaussian limit, the covariance is given by
cov(Cˆκκ(L), Cˆκκ(L′)) =
δLL′2 (C
κκ(L) +Nκκ(L))2
fsky(2L+ 1)
,
(8)
where Cκκ(L) is the model CMB lensing power spectrum
and Nκκ(L) is the noise power spectrum. We will consider
4 https://pla.esac.esa.int/
the CMB-S4 experiment – a low-noise, ground-based CMB
polarization survey which will be deployed in the second
half of this decade – as an example for the source of future
CMB lensing data in our forecasts. In particular, we will
assume the fsky = 0.4 wide legacy survey, with a lensing
reconstruction noise forecast as in Abazajian et al. (2019).
We set Lmin = 20, Lmax = 3000.
4.2 CMB-motivated As constraint
As discussed in §2, we use a weak prior on As to break the
Leq-As degeneracy. We endeavor to obtain this constraint
on As without making assumptions about rs.
The CMB temperature power spectrum constrains As
to high precision (Planck Collaboration et al. 2018a). The
dominant limiting factor in any measurement of As from the
CMB is a measurement of the optical depth τ , which deter-
mines how much the CMB power spectrum amplitude has
been reduced by Thomson scattering of CMB photons on
their journey from the last scattering surface. Since the value
of τ is determined from features in the very largest scales of
the CMB power spectra (in particular the polarized CMB
spectrum EE), much larger than the sound horizon scale,
its inference should be unaffected by changes in rs. Due to
this (and since As impacts the amplitude of the spectrum,
while rs changes its angular scale) one would not expect a
very strong degeneracy between As and rs. Indeed, no sig-
nificant degeneracy between rs and As is seen in the Planck
parameter chains (Planck Collaboration et al. 2018a). This
suggests that we may safely include a CMB-inspired prior on
As without significant concerns about making any implicit
assumptions about rs.
Motivated by current constraints, for our forecasts we
will adopt a conservative 4% prior on As: As = (2.19 ±
0.09) × 10−9. In comparison, Planck Collaboration et al.
(2018a) constrains As to roughly the 1.6% level. We will
show that tightening the As prior below 4% does not sig-
nificantly improve the forecast H0 constraints. For current
data, our analysis is even less sensitive to the As prior (see
discussion in §2.3); to be maximally conservative, we will
therefore use an even looser 8% prior for the analysis of cur-
rent data.
4.3 Supernovae
As discussed in §2, our constraints on H0 from the CMB
lensing power spectrum rely on external measurements of
Ωm that are independent of rs. To this end, we consider
constraints on Ωm from observations of supernovae. The su-
pernovae measurements alone do not constrain H0 since the
absolute luminosity of the supernovae is not known without
the supernovae measurements being tied to the CDL. The
shape of the supernovae redshift-apparent brightness rela-
tion, however, constrains Ωm without any reliance on rs.
For the analysis of current data, we consider supernova
constraints from the Pantheon sample (Scolnic et al. 2018).
This analysis found Ωm = 0.298 ± 0.022 in a flat ΛCDM
fit to supernovae data alone (including systematic errors).
We will take the approach of simply using the marginalized
posterior from Scolnic et al. (2018) on Ωm as a prior in our
analysis of current CMB lensing measurements (see §6).
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Parameter Fiducial value Prior
h 0.69 [0.4, 0.9]
ns 0.97 [0.87, 1.07]
As 2.19× 10−9 [0.5, 5.0]× 10−9
Ωm 0.3 [0.1, 0.9]
Ωb 0.048 [0.03, 0.077]
Ωνh2 0.00083 [0.0006, 0.01]
Ωbh
2 0.02285 [0.014, 0.032]
Table 1. Fiducial parameter values and priors used in the fore-
casts. Although we do not vary Ωbh
2 independently, we impose
a weak prior on this parameter combination so as to not explore
highly unphysical regions of parameter space.
For our forecast constraints, we adopt σ(Ωm) = 0.012,
where we use the notation σ(x) to denote the 1σ uncer-
tainty on x. Very roughly, this level of uncertainty could be
obtained by doubling the number of supernova in the Pan-
theon sample, combined with a factor of two reduction in
systematic uncertainty. Put another way, σ(Ωm) = 0.012
is roughly consistent with the forecast for the analysis of
10,000 photometric supernova from the Vera Rubin Obser-
vatory Legacy Survey of Space and Time (LSST, Abell et al.
2009), assuming that there is no systematic floor in the su-
pernovae distance determinations. Since LSST is expected
to obtain roughly 50,000 supernovae per year, depending on
the systematic floor, our forecast may therefore be viewed
as conservative. We emphasize that our intent here is to il-
lustrate our ideas and obtain a rough estimate of the H0
constraints that can be achieved with our method, rather
than to perform the most realistic future forecast possible.
4.4 Galaxy lensing
Galaxy lensing provides an alternative to supernovae for ob-
taining a constraint on Ωm. In cases where we make use of
galaxy lensing, our forecast is designed to roughly corre-
spond to LSST (Abell et al. 2009). We adopt fsky = 0.5,
and source number densities of 2 arcmin−2 in four redshift
bins between z = 0 and z = 1.2. We assume shape noise
with σ = 0.3. We use CosmoSIS (Zuntz et al. 2015) to gen-
erate generate the simulated data and covariance matrix,
ignoring the contributions of three-point and higher-order
correlators to the covariance matrix. For current data, these
higher order contributions generally make a negligible con-
tribution to the weak lensing covariance matrix. For future
datasets such as LSST, however, this is not the case. Our
forecast constraints on Ωm from galaxy lensing may there-
fore be viewed as optimistic.
4.5 Priors
Our choice of priors for the forecasts is summarized in Ta-
ble 1. This choice roughly follows that of the weak lens-
ing analysis presented in Troxel et al. (2018). For h, ns, As
and Ωm, our priors are not informative. For Ωb and Ωνh
2,
the priors are weakly informative. Our prior on Ωb is more
than an order of magnitude weaker than the constraints from
Planck Collaboration et al. (2018a). Following Abbott et al.
(2018a), we use a prior on the density parameter of neutrinos
of Ωνh
2 ∈ [0.0006, 0.01]. This roughly corresponds to a prior
on the sum of the neutrino masses of
∑
mν ∈ [0.06, 1.0] eV,
where the lower limit is approximately the minimum allowed
by neutrino oscillation experiments (Fogli et al. 2008). The
upper limit of this prior is comparable to recent limits from
the KATRIN experiment (Aker et al. 2019), and is signifi-
cantly above the level of current constraints from a combi-
nation of CMB and BAO data (Planck Collaboration et al.
2018a). We additionally impose a very weak (roughly 40%)
flat prior on the parameter combination Ωbh
2. This prior
ensures that we do not explore highly unphysical regions
of parameter space for current data (where constraints are
quite weak), as discussed in more detail below. However, in
general, this prior has a small impact on our forecast results.
5 FORECAST CONSTRAINTS ON H0
WITHOUT THE SOUND HORIZON SCALE
We now forecast constraints on the Hubble constant that
can be obtained independently of the sound horizon infor-
mation, using a combination of CMB lensing measurements
and other data. We begin by considering forecasts for CMB-
S4. We present results from current data in §6.
Fig. 2 shows the ΛCDM parameter constraints for CMB
lensing measurements of a CMB-S4-like survey. The con-
straint obtained on H0 in this case is weak because of the
large degeneracies with other parameters. The constraints
on Leq (from which the H0 constraint derives) are degraded
by degeneracies with As and ns. This is not surprising given
Eq. 5 and Eq. 7. Second, the uncertainty on Ωm is large,
so it would not be possible to constrain H0 very tightly
even if Leq were measured to high precision. Roughly, since
Leq ∼ hΩ0.6m , we need to know Ωm to roughly 8% precision
to have any hope of constraining H0 to the 5% level with a
measurement of Leq.
5.1 CMB lensing with As prior and supernova Ωm
constraint
With a weak external As prior, the Leq–As degeneracy can
be broken, leading to a tight constraint on Leq. Since Leq
depends only on Ωm and H0, given an additional Ωm con-
straint, H0 can then be determined. As described in §4, our
weak As prior (10
9As = 2.19±0.09) is motivated by current
constraints from the primary CMB, while our Ωm constraint
(Ωm = 0.3 ± 0.012) is forecast for future supernovae mea-
surements. Both the As and Ωm constraints are independent
of assumptions about rs.
In Fig. 3 we show (blue curves) the results of impos-
ing the CMB-motivated As prior on the CMB lensing con-
straints from Fig. 2. Imposing this prior results in tighter
constraints on Leq than in Fig. 2, as expected. The results of
additionally imposing the supernova prior on Ωm are shown
with the red curves in Fig. 3. We find that an uncertainty
on H0 of 3.5 km/s/Mpc is achieved. We will refer to this as
our pessimistic forecast, since it assumes a conservative As
prior and a modestly improved Ωm from future surveys.
We note that the constraints on H0 are not very sen-
sitive to the As prior. As can be seen in Fig. 2, even in
the absence of any As prior, we obtain some constraint on
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Figure 2. Forecast parameter constraints from CMB-S4-like measurements of the CMB lensing power spectrum. Information about H0
enters via Leq ≡ keqχ∗ ∼ Ω0.6m h; the black dashed curve shows the expected h ∼ Ω−0.6m degeneracy direction. Degeneracy between Leq
and As limits the ability of the CMB lensing power spectrum to constrain Leq, and thus H0. We have marginalized over ns and Ωνh2
with the priors from Table 1 when generating this figure; both parameters are prior dominated.
Leq. This is likely because low-L information in the lens-
ing power spectrum breaks the degeneracy between As and
Leq. In the absence of the As prior, the combination of CMB
lensing and the Ωm constraint yields an H0 uncertainty of
roughly 6 km/s/Mpc (grey dashed curves in Fig. 3).
It is also interesting to consider how the constraints
on H0 could improve with more optimistic constraints on
As, Ωm, and Ωb. For CMB-S4 noise levels, tightening the
prior on As alone by a factor of three yields an H0 uncer-
tainty of 3.1 km/s/Mpc, only a modest improvement rel-
ative to the 3.5 km/s/Mpc uncertainty obtained with the
pessimistic forecast. Tightening the Ωm prior by a factor of
three to σ(Ωm) = 0.004 would improve the H0 constraint
only marginally to σ(H0) = 3.3 km/s/Mpc. With combined
priors of 109σ(As) = 0.03 and σ(Ωm) = 0.004, we find
σ(H0) = 2.9 km/s/Mpc. We refer to this forecast as our
optimistic forecast.
Our analysis also imposes weak priors on Ωb and the
sum of the neutrino masses. Tightening the fiducial 40%
prior on Ωb to the 10% level would slightly improve the H0
constraint to σ(H0) = 3.3 km/s/Mpc, as there is a weak
degeneracy between Ωb and H0 (see Fig. 3). This degener-
acy presumably results from the baryonic suppression of the
matter power spectrum at small scales, which is somewhat
degenerate with the impact of changing Leq. Tightening the
prior on neutrino mass has little impact on the H0 con-
straint.
It is also interesting to consider how the H0 constraints
would improve with even more futuristic CMB data. We
find that reducing NκκL significantly below the CMB-S4 level
does not result in dramatic improvements to the constraints
on H0 because of cosmic variance from the already signal-
dominated large scale CMB lensing power spectrum, and
because of the of the interplay between various parameter
degeneracies. For a zero-noise CMB lensing measurement
(with Lmin = 20 and Lmax = 3000), σ(Ωm) = 0.006 and
109σ(As) = 0.03, we find σ(H0) = 2.2 km/s/Mpc.
5.2 Alternative dataset and prior choices
We now consider two alternative combinations of datasets
and priors that might provide similar constraints on the
Hubble constant.
First, instead of relying on supernovae to constrain Ωm,
one can use measurements of the galaxy lensing power spec-
trum. The combination of galaxy lensing measurements with
CMB lensing measurements breaks the σ8-Ωm degeneracy,
leading to a tight constraint on Ωm. This constraint on Ωm
then breaks the H0-Ωm degeneracy. This possibility is shown
as the orange curve in Fig. 3; we find a Hubble constraint
of σ(H0) = 3.1 km/s/Mpc. Note that, for simplicity, we as-
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Figure 3. Forecast constraints for a CMB-S4 measurement of the CMB lensing power spectrum upon including external As and Ωm
information. By imposing a weak, CMB-motivated (but rs independent) prior on As we break the As-Leq degeneracy, leading to a
constraint on Leq ≡ keqχ∗ (blue curves; compare to Fig. 2). Since Leq ∼ Ω0.6m h, the resultant constraints on Ωm and H0 are degenerate
(the black dashed curve illustrates the expected degeneracy). By including an additional Ωm constraint from supernovae we break the
Ωm-H0 degeneracy, and obtain a constraint on H0 (red curve, with marginalized parameter uncertainties reported along the diagonal).
As an alternative to a supernova constraint on Ωm, we also consider adding information from an LSST-like measurement of cosmic
shear (orange curve); in combination with CMB lensing, galaxy lensing also provides Ωm information which serves to break the H0-Ωm
degeneracy. Because of large-scale information in the CMB lensing power spectrum, our constraints are not very sensitive to the As
prior. If this prior is completely removed, we still obtain a constraint on H0 (grey dashed curve).
sume no covariance between the galaxy and CMB lensing
measurements, as would be appropriate for non-overlapping
surveys. Even in the case of overlapping surveys, though,
the covariance between the galaxy and CMB lensing mea-
surements is reduced by the different redshift sensitivities of
the two observables.
Second, rather than imposing an As prior to break the
Leq-As degeneracy, an alternate possibility is to impose an
ns prior. As seen in Fig. 2, ns, As and Leq are all degener-
ate, which is not surprising from Eq. 5. By imposing a prior
on ns, we can break this degeneracy and obtain tight con-
straints on Leq which can again be used to constrain H0 in
combination with an Ωm prior.
As with As, the CMB temperature power spectrum con-
strains ns. However, unlike As, the ns constraint from the
CMB is degenerate with rs. An rs-independent constraint
on ns could instead perhaps be obtained from Lyman-α for-
est constraints on the matter power spectrum. Although this
possibility certainly requires further exploration, our general
motivation is that the amplitude of broadband structure on
small scales (and hence ns) could potentially be determined
in a way that is not degenerate with the BAO features and
hence rs. To test the effectiveness of this approach, we adopt
a prior of ns = 0.96± 0.015. This prior is weak compared to
current constraints from Planck Collaboration et al. (2018a).
With this ns prior and the σ(Ωm) = 0.012 constraint, the
resultant H0 constraint is 68.84
+3.4
−4.1. Since this constraint is
weaker than our pessimistic forecast using an As prior, we
do not pursue this possibility further.
5.3 Verifying independence of the H0 constraints
from sound horizon physics
Our goal in this analysis is to constrain H0 without rely-
ing on assumptions about the sound horizon scale. As noted
previously, the sound horizon scale is imprinted on the mat-
ter power spectrum in two ways. First, the sound horizon
enters via the baryon acoustic oscillations. These, however,
are washed out by the line-of-sight integration in Eq. 1. Sec-
ondly, power below rs is suppressed because the baryons
cannot cluster below the sound horizon scale prior to re-
combination. While the baryon suppression feature is also
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washed out by the line-of-sight integration, it is still visi-
ble to some extent in the CMB lensing power spectrum. It
is conceivable, then, that the CMB lensing measurements
of this suppression could be used to determine the angular
scale of rs. Since the amplitude of the baryonic suppression
depends on Ωbh
2, measurement of this suppression could
also calibrate the rs ruler, leading to an H0 constraint. In-
deed, this mechanism may make a significant contribution
to the forecast constraints on the broadband power spec-
trum from Euclid presented by Chudaykin & Ivanov (2019).
This possibility is somewhat worrying for our analysis since
it could mean that our Hubble constraints are actually not
independent of rs.
The fact that our arguments about breaking parameter
degeneracies (which ignored the impact of the sound horizon
scale) work as expected suggests that information about H0
is indeed entering via Leq rather than rs. As shown by the
black dashed curve in Fig. 3, the H0 information closely
follows the expected Leq degeneracy direction.
Furthermore, if the information on H0 were entering
via the baryon suppression feature, then we would expect
the constraints on H0 to get weaker with reduced Ωb since
smaller Ωb means less baryon suppression. When we repeat
our analysis using a much lower value of Ωb = 0.004 (setting
Ωb much lower than this causes CAMB to crash) we find that
the constraints on H0 are actually improved by roughly 35%
relative to the fiducial analysis with Ωb = 0.048. This implies
that the baryon suppression is not contributing to our H0
constraints, and suggests that the main impact of the baryon
suppression feature is actually to degrade our H0 constraints
because of weak degeneracies with other parameters.
To further increase our confidence that the sound hori-
zon scale is not influencing our constraints, we explore how
the CMB lensing power spectrum constrains H0 using a
Fisher matrix analysis. To this end, we generate a mock
power spectrum using a combination of the dark matter
only transfer function from Bardeen et al. (1986) and a toy
model for the impact of baryon suppression. We refer to
the wavenumber corresponding to the sound horizon scale
as ks, i.e. ks ∼ 1/rs. At small scales, k  ks, the baryons
are pressure supported and unable to cluster. Consequently,
the fraction of matter that clusters is reduced by a factor
1 − Ωb/Ωm, and the transfer function is similarly reduced.
At large scales, k  ks, the baryons act like cold dark mat-
ter and the transfer function is unaffected by the baryons.
In our toy model for the impact of baryons, we assume that
the transition between these two regimes is a step function.
In reality, of course, the transition is not infinitely sharp
and is accompanied by additional features due to acoustic
oscillations (Eisenstein & Hu 1998a). By exaggerating the
sharpness of the baryon suppression, we are enhancing the
information in this feature, and our analysis is therefore con-
servative with respect to the information about H0 that this
feature contributes.
Explicitly, our toy model for the power spectrum is:
P toy(k, z) ∝ 1
(ΩmH20 )
2
Ask
nsa2(z)G2(z)
T 2BBKS(k; keq) [1− (Ωb/Ωm)Θ(k − ks)]2 , (9)
where TBBKS(k; keq) is the transfer function from Bardeen
et al. (1986) which is only a function of keq, and Θ(k) is
a step function. We show a comparison of our mock power
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Figure 4. The linear matter power spectrum computed with CAMB
(red solid) and with the toy model of Eq. 9 (blue dashed). In this
toy model, we adopt the BBKS transfer function (Bardeen et al.
1986), and model the impact of baryons on the matter power
with a step-like suppression on scales smaller than rs. We use
this toy model to explore how the CMB lensing power spectrum
constrains H0, and to confirm that our constraints are not in-
formed by information about the sound horizon scale, rs.
spectrum model to that computed from CAMB (Lewis et al.
2000) in Fig. 4. We calculate the corresponding CMB lensing
power spectrum using the Limber approximation from Eq. 1,
substituting our toy model for the matter power spectrum.
To explore how information about rs enters into the
H0 constraints, we introduce a new parameter αs which
takes ks → αsks. In effect, this parameter allows the sound
horizon scale to depart from its standard value. We then
compute the Fisher information matrix, Fij , where i, j ∈
{Ωm, AsH0,Ωb, αs}. The forecast errors on H0 are given by
σ(H0) = [F
−1]1/2H0H0 . We impose priors of σ(Ωm) = 0.012,
σ(As) = 0.04As, and σ(Ωb) = 0.2, matching our prior choice
for the likelihood analysis (except for Ωb, for which we im-
pose a top-hat prior in the likelihood analysis).
When we fix αs = 1, we find that the constraint
on H0 projected for CMB-S4 noise levels is σ(H0) =
2.18 km/s/Mpc, which agrees fairly well with the constraints
obtained from the full likelihood analysis described in §5.1.
Note that we do not expect this constraint to agree perfectly
with the likelihood analysis because our Fisher analysis uses
a toy power spectrum model, because we do not vary ns or
Ωνh
2, and because we impose a Gaussian (rather than top-
hat) prior on Ωb.
We next allow αs to vary, and marginalize over this
quantity after imposing a broad Gaussian prior with σ(αs) =
0.25 to avoid considering models that are drastically incon-
sistent with current cosmological observations. Allowing αs
to vary effectively erases information about the absolute cal-
ibration of rs. In this case, we find that the error on H0
becomes σ(H0) = 2.34 km/s/Mpc, i.e. an increase in the
uncertainty of only 7%. The small change in the uncertainty
on H0 suggests that rs has essentially no impact on our H0
constraints. Note that some degradation of theH0 constraint
is expected even if no information about rs is used to con-
strain H0, since the impact of changing rs will be somewhat
degenerate with the impact of changing keq.
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Figure 5. Constraints on H0 from current Planck CMB lensing measurements (Planck Collaboration et al. 2016) before (orange) and
after (blue) imposing the supernova Ωm constraint (Scolnic et al. 2018) and the weak, CMB-motivated (but rs independent) As prior.
The resultant constraint of H0 = 73.5± 5.3 km/s/Mpc is independent of the sound horizon scale, rs. The black dashed curve illustrates
the expected degeneracy between h and Ωm when information about H0 enters via Leq ≡ keqχ∗. The grey dashed curves indicate the
result obtained with an alternate choice of priors, see discussion in text.
We can also use the Fisher analysis to illustrate how keq
informs the H0 constraint. Similar to αs, we introduce a new
parameter, αeq, which scales keq in the Fisher calculation.
We find that allowing αeq to vary degrades the H0 constraint
to σ(H0) = 12.6 km/s/Mpc, i.e. a factor of 5.8 increase in the
uncertainty. This large increase in the uncertainty confirms
that nearly all the constraining power on H0 is arising from
the (projected) equality scale.
6 CONSTRAINTS FROM CURRENT DATA
6.1 An rs-independent constraint on H0 from
CMB lensing and external data
We now consider how current measurements of the CMB
lensing power spectrum from Planck Collaboration et al.
(2018b) constrain H0 in combination with external priors.
We emphasize that these constraints are obtained without
relying on the sound horizon scale rs. In the interest of being
maximally conservative, for current data we degrade the As
prior to the 8% level, rather than the 4% level assumed in
the forecasts.
The red curves in Fig. 5 show the constraints from
Planck Collaboration et al. (2018b) obtained using the pri-
ors in Table 1. The blue curve results from additionally
imposing an Ωm = 0.298 ± 0.022 constraint from cur-
rent supernovae measurements (Scolnic et al. 2018), and
an As = (2.105 ± 0.17) × 10−9 prior (which, as discussed
previously, is motivated by CMB observations, but is very
conservative and is, in any case, expected to be indepen-
dent of rs information). The derived constraint on H0 is
H0 = 73.5± 5.3 km/s/Mpc.
Relative to the forecasts presented previously, the larger
uncertainties with current data mean that volume effects
in the marginalized posterior are potentially more impor-
tant, and we expect greater sensitivity to our priors. Indeed,
without the Ωbh
2 prior, the data explores a region of pa-
rameter space at very high, unphysical Ωbh
2. Imposing the
weak Ωbh
2 prior in Table 1 prevents this from occurring.
Our results are not very sensitive to this prior: tightening
it from roughly 40% to 5% changes the recovered value of
H0 from 73.5 ± 5.3 to 73.6 ± 4.7 km/s/Mpc. As an addi-
tional test of stability to prior choices, we also consider an
alternate prior choice from the analysis of Planck Collabora-
tion et al. (2018b). The main difference between the Planck
Collaboration et al. (2018b) priors and our fiducial prior
choice is that the former additionally imposes constraints of
ns = 0.96± 0.02 and Ωbh2 = 0.0222± 0.0005. Since impos-
ing the As prior removes most of the degeneracy between ns
and H0, we do not expect the ns prior to significantly impact
the results. The Ωbh
2 prior is derived from the BBN-based
analysis of D/H measurements in quasar absorption-line sys-
tems. Motivated in this way, this prior is also independent of
rs physics. TheH0 constraints resulting from this alternative
prior choice are shown as the grey dashed curves in Fig. 5:
we find H0 = 73.7± 4.5 km/s/Mpc, which is in good agree-
ment with the constraint obtained using our fiducial choice
of priors. These results suggest that our H0 constraint is not
very sensitive to the choice of priors.
As noted previously, our H0 constraints are not very
sensitive to the As prior because low-L scales in the CMB
lensing power spectrum provide shape information that
serves to partially break the degeneracy between As and Leq.
Since a large fraction of the signal-to-noise of the Planck
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lensing power spectrum measurements comes from low-L,
the H0 constraints obtained in Fig. 5 are even less sensitive
to the As prior than the forecasts in §5. Halving the width
of the As prior (i.e. taking it from 8% to 4%) has a small
effect, changing the H0 constraint to 73.8± 5.1 km/s/Mpc.
If the As prior is made significantly weaker, however, we find
that for the fiducial prior choice, the posterior becomes suf-
ficiently unconstrained that prior volume effects appear to
significantly impact the H0 constraint; we therefore refrain
reporting an H0 constraint in this case. On the other hand,
with the Planck priors (i.e. the tight Ωbh
2 prior), these vol-
ume effects are minimized, and we obtain a constraint on
H0 even without the As prior: H0 = 72.1 ± 5.0 km/s/Mpc
(compared to H0 = 73.7±4.5 km/s/Mpc with the As prior).
6.2 Validating independence of H0 constraints
from rs
Although constraints from current data are drawn from large
scales in the lensing power spectrum and hence should be
even less sensitive to rs than our forecast constraints, we
may again test for their independence from sound horizon
physics. Repeating the Fisher matrix calculation described
in §5.3 using the Planck lensing noise spectrum, we find
again that rs contributes minimal information about H0.
Allowing αs to vary and marginalizing over this parameter
changes the uncertainty on H0 by only 0.2%. On the other
hand, allowing αeq to vary in the Fisher matrix calculation
increases the H0 uncertainty by a factor of five. In other
words, as intended, the current constraints derive only to
a negligible extent from rs, and are instead mainly drawn
from keq information. Fig. 5 also shows that the H0-Ωm de-
generacy direction is consistent with that predicted assum-
ing information about H0 enters via Leq (the black dashed
curve). The supernova Ωm prior breaks this degeneracy.
In the case where we impose alternate priors to test sta-
bility of our analysis to prior choices (i.e. the grey dashed
curve in Fig. 5), one might worry that the tight Ωbh
2 prior
could calibrate rs, and thereby influence our H0 constraints.
To make sure that this is not the case, we perform an addi-
tional test using the Fisher matrix approach where we fix the
physical size of rs. This is maximally conservative: we are
assuming that the rs ruler is calibrated exactly, and that the
lensing measurement can then use the apparent size of this
ruler to calibrate H0. Repeating the Fisher matrix calcula-
tion, we find that the H0 constraints actually get weaker by
roughly 3%. This small change confirms that rs information
does not contribute to our constraints.
7 PROSPECTS FOR FURTHER
IMPROVEMENT WITH OTHER PROBES
In §5.1 we saw that it is difficult to use the CMB lensing
power spectrum measurement of Leq to obtain a constraint
on H0 better than 2 km/s/Mpc, owing to a combination of
cosmic variance and parameter degeneracies. At large scales,
where the As-Leq degeneracy is broken, cosmic variance of
the CMB lensing power spectrum computed from a 2D ob-
servable limits our ability to constrain H0. At small scales,
cosmic variance is no longer important, but in this regime
degeneracies between As and Leq, as well as the impact of
baryons and neutrinos, degrade the H0 constraints.
An alternative to using CMB lensing to constrain keq
is to instead use measurements of the power spectrum from
a spectroscopic galaxy survey to constrain keq. One would
expect that, at least with future surveys, since the acces-
sible number of modes in a 3D survey can be significantly
larger (on all scales) these measurements could potentially
provide the highest signal-to-noise constraints on the Hub-
ble constant without the sound horizon. Indeed, even when
BAO information is excluded, forecasts indicate that up-
coming galaxy surveys can provide powerful probes of H0
(Chudaykin & Ivanov 2019).
The challenge with such measurements, however, will
be to ensure that the constraints on H0 obtained from fit-
ting the galaxy power spectrum are actually free of rs in-
formation. Both the BAO oscillations and the broadband
baryonic suppression features in the matter power spectrum
are sensitive to rs, and (unlike in the case of the CMB lens-
ing power spectrum) both may be easily detected in future
measurements of the 3D galaxy power spectrum. Given the
parameter sensitivity of the full shape of the matter power
spectrum, the rs ruler can be calibrated to some extent,
leading to H0 constraints from the measurements of either
the BAO scale or the baryon suppression scale. Indeed, re-
cent measurements of H0 from the full shape of the matter
power spectrum measured with BOSS (Philcox et al. 2020;
d’ Amico et al. 2020; Ivanov et al. 2020b) obtain much of
their information aboutH0 through the BAO scale, and they
may also have some degree of sensitivity to the baryon sup-
pression scale. To ensure that rs information is not inform-
ing the H0 constraints, one could employ strategies such
as marginalizing over the locations of the BAO and baryon
suppression features (similar to what we have done in the
Fisher analysis presented above), although more develop-
ment is required before such a procedure can be applied to
a high-precision data analysis. We will defer the discussion
and application of such methods to future work.
8 SUMMARY
We have shown how measurements of CMB lensing can be
combined with external data to obtain constraints on the
Hubble constant that — unlike constraints derived from the
primary CMB or from BAO — do not depend on the sound
horizon scale at CMB last-scattering rs. Fundamentally, the
information about H0 derived here comes from the depen-
dence of the CMB lensing power spectrum on the (projected)
scale of the horizon size (or Jeans scale) at matter radiation
equality. Using several tests and arguments we have demon-
strated that, since projection washes out baryonic features,
such CMB lensing power spectrum constraints do not rely
on rs.
With current measurements of the CMB lensing power
spectrum from Planck Collaboration et al. (2016), a CMB-
motivated (but weak and rs-independent) prior on As, and
a supernova-based constraint on Ωm, the Hubble constant
is constrained to H0 = 73.5 ± 5.3 km/s/Mpc. This value is
consistent with the CDL-inferred value at roughly 0.1σ and
with the CMB-inferred value at 1.2σ (where σ here repre-
sents the quadrature sum of the errors from both measure-
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ments). While obtaining a best fit Hubble constant that is
somewhat higher than Planck and agrees with the local CDL
measurements is intriguing, the errors are still large enough
that our results are consistent with both probes; an inter-
pretation of this result as evidence of new physics would,
of course, be very premature. Nevertheless, this result cer-
tainly motivates further efforts to improve the constraints
from our method.
With future data, we find that an rs-independent con-
straint on H0 at the level of 3 km/s/Mpc can be obtained by
combining CMB lensing measurements with priors on Ωm
(from either supernovae or galaxy lensing) and As (from
the CMB power spectrum). This is level of uncertainty is
certainly interesting, but is not tight enough to definitively
resolve the Hubble tension found in current datasets. The
H0 constraints could be improved further with higher sensi-
tivity measurements of the lensing power spectrum, as long
as the constraints on Ωm and either As or ns are tightened
as well.
However, it is apparent that the H0 constraints from
this method only improve fairly slowly as CMB surveys be-
come more powerful. Therefore, perhaps the most promis-
ing avenue to improve our analysis of current data is to
obtain a similar keq-derived Hubble constant measurement
from the 3D galaxy power spectrum broadband shape. Such
an analysis poses considerable challenges, as it is currently
not clear how to rigorously remove the sound horizon infor-
mation which enters through baryonic effects. We defer a
detailed treatment of such an analysis to future work.
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APPENDIX A: ACCURACY OF LENSING
APPROXIMATIONS AND PHYSICAL
INTUITION
In §2.2 we argued that the dependence of the CMB lensing
power spectrum on cosmological parameters could be largely
captured via its dependence on Leq (and As). In Fig. A1
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Figure A1. The CMB lensing power spectrum for different val-
ues of Ωm and h, with the values chosen so as to preserve the
parameter combination Leq ∼ Ω0.6m h. The bottom panel shows
the lensing power spectra relative to that computed for Ωm = 0.3
and h = 0.68. The dependence of the CMB lensing power spec-
trum on Ωm and H0 is largely captured by its dependence on
Leq. Preserving Leq keeps the lensing power spectrum constant
at roughly 3%. We have included the impact of baryons, nonlin-
ear evolution, and neutrinos on the matter power spectrum when
generating this figure.
we test this result by directly computing the CMB lensing
power spectrum for different Ωm, scaling H0 in order to pre-
serve Leq. For the remaining cosmological parameters, we
adopt the fiducial values from Table 1; we include the im-
pact of nonlinear effects on the matter power spectrum via
HALOFIT (Smith et al. 2003), and also assume a minimal neu-
trino mass, included via the Bird et al. (2012) extension to
HALOFIT. We find even with the effects of baryons, nonlinear
evolution and neutrinos taken into account, preserving Leq
when varying Ωm is sufficient to recover the original power
spectrum to better than 4% over a wide range of L.
We can gain physical intuition for the As and Leq de-
pendence of the CMB lensing power spectrum as follows
(see also the discussion Appendix E of Planck Collabora-
tion et al. 2016). For a given scale, k, the number of lenses
of that scale between the observer and the source plane is
kχ∗. Increasing keq will shift the power spectrum to higher
k, causing lenses of a given potential depth to be at smaller
scales. To preserve the number of lenses of each depth to the
source while increasing keq, one should therefore decrease
χ∗ proportionately. Consequently, we can preserve the am-
plitude of the lensing power by fixing keqχ∗ ≡ Leq. We can
also understand the dependence of the shape of the power
spectrum on Leq. Since the lensing power spectrum receives
its largest contribution from around χ∗/2, the observed an-
gular size of a typical deflection will be inversely propor-
tional to χ∗. If we increase keq, we make lenses of a given
potential depth smaller by shifting the entire power spec-
trum to higher k. Thus, fixing keqχ∗ ≡ Leq will also roughly
preserve the angular scale lenses of a given potential depth,
thereby preserving the shape of the observed lensing power
spectrum.
The As dependence of the CMB lensing power spectrum
can be understood trivially from the fact that As scales the
amplitude of the linear power spectrum, Plin(k), and P (k)
enters linearly into the Limber approximation. More physi-
cally, increasing As by some factor f will increase the am-
plitude of the overdensity fluctuations on a given scale by
a factor of
√
f . Since the photon deflections scale with the
overdensity, they will also get larger by
√
f , causing the
deflection power to increase by f . Consequently, the CMB
lensing power will scale linearly with As.
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